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Let G = Fq  〈β〉 be the semidirect product of the additive group
of the ﬁeld of q = pn elements and the cyclic group of order d
generated by the invertible linear transformation β deﬁned by
multiplication by a power of a primitive root of Fq . We ﬁnd an
arithmetic condition on d so that every endomorphism of G is
determined by its values on (1,1) and (0, β). When that is the
case, we determine the ﬁxed point free automorphisms of G . If d
equals the odd part of q − 1 then we count the ﬁxed point free
automorphisms of G—such exist only when p is a Fermat prime.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let p be an odd prime, q = pn , Fp the ﬁeld of p elements, A = Fq the ﬁeld of q = pn elements.
Under addition, A = Fnp is an elementary abelian p-group of rank n.
Let x be a primitive root of Fq . Let β be the automorphism of A given by β( f ) = xb f , multiplica-
tion by xb , for all f in A, where b ≡ 0 (mod q − 1). Then β generates a cyclic subgroup of GLn(Fp)
of order d where d = (q − 1)/(q − 1,b). Let G = A  〈β〉, the semidirect product of A and the cyclic
group generated by β , where β acts on A as above. We will denote elements of G by ( f , βt). Then
the operation is
(
f , βt
)(
g, βk
)= ( f + xbt g, βt+k).
One sees easily that the group G has trivial center.
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In addition to the intrinsic interest in ﬁnding automorphisms of G , such automorphisms are of
interest in Hopf Galois theory. In 1969, Chase and Sweedler [1] introduced the notion of Hopf Galois
extension. In 1987 Greither and Pareigis [5] observed that a given Galois extension of ﬁelds may
have many Hopf Galois structures, and showed that the number of Hopf Galois structures on a Galois
extension L|K of ﬁelds with Galois group Γ depends only on the group Γ . Since that time, a number
of papers have studied Hopf Galois structures—see [2, Chapter 2] for a survey of results from the last
century. In [4] we showed that each ﬁxed point free endomorphism of Γ gives rise to one or two Hopf
Galois structures on L|K , depending on whether the endomorphism is or is not an automorphism.
In [3] we obtained ﬁxed point free endomorphisms of groups Γ with trivial centers that are the
semidirect product of an abelian p-group A, p odd, and a cyclic group of automorphisms of A of
order prime to p. The groups G of this paper are special cases of those groups.
The main focus in this paper is to determine ﬁxed point free automorphisms of G . As examples, we
show that if (pn − 1)/b is even, then G has no ﬁxed point free automorphisms. If b = 2e , the highest
power of 2 dividing pn − 1, then there are no ﬁxed point free automorphisms unless p = 22 f + 1 is
a Fermat prime. For p a Fermat prime and n odd, we determine all ﬁxed point free automorphisms:
there are φ(n)pn(pn − 1)(p − 2)/(p − 1) such automorphisms.
To simplify the analysis of endomorphisms of the groups G of interest, we ﬁrst observe that we
may assume that the order of β divides q − 1.
Proposition 1. Let G = Fq  〈β〉 where x is a primitive element of Fq and β( f ) = xb f for all f in Fq. Let e be
the greatest common divisor of b and q − 1. Then G = Fq  〈γ 〉 where γ ( f ) = xe f for all f in Fq.
Proof. Since e is the greatest common divisor of b and q − 1, we have b = ke and e = bl + (q − 1)v
for some integers k, l, v . So b ≡ bkl (mod q − 1). For all f in Fq ,
β( f ) = xb f = (xlb)k f = (βl)k( f ),
so 〈β〉 = 〈βl〉. Thus
G = Fq  〈β〉 = Fq 
〈
βl
〉
and βl( f ) = xbl f = xe f . 
Thus we shall assume throughout the rest of the paper that G = (Fq,+)  〈β〉, the semidirect
product of the additive group of Fq and the cyclic group generated by β , where β acts on Fq by
β( f ) = xb f and b < q − 1 divides q − 1. Let bd = q − 1. Then β has order d > 1 and G has order dpn
where d and pn are coprime.
2. Endomorphisms of G
We begin by studying endomorphisms of G .
Let A = (Fq,+) and let ψ be an endomorphism of G . Then ψ restricts to an endomorphism of A.
Every element (g, βk) in G has order divisible by d/(k,d), which is coprime to p if βk = 1. Since
ψ( f ,1) = (g, βk) must have order dividing p for all f in Fq , we must have βk = 1. We denote ψ
restricted to A also by ψ , so that ψ( f ,1) = (ψ( f ),1).
Since ψ is an endomorphism of A, it is Z-linear, hence Fp-linear on A.
In order to determine the endomorphisms of G we need the orders of the elements ( f , βk) for
βk = 1. Recall that x is a primitive element of Fq = A, that is, a cyclic generator of the multiplicative
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(
f , βk
)m = ( f (1+ xbk + x2bk + · · · + x(m−1)bk), βkm)
=
(
f
(
xbkm − 1
xbk − 1
)
, βkm
)
.
In order that ( f , βk)m = (0,1), we must have βkm = 1, hence km is a multiple of d. Thus bkm is a
multiple of q− 1, so xbkm − 1= 0. But since βk = 1, we have xbk − 1 = 0, hence is a unit of Fq , and so
f
(
xbkm − 1
xbk − 1
)
= 0
for every f . Thus for every f and every βk = 1, the order of ( f , βk) is the order of βk , namely,
d/(d,k).
Since A = Fp[x] ∼= Fnp , G has a set of generators
(1,1), (x,1), . . . ,
(
xn−1,1
)
, (0, β),
and every endomorphism ψ of G is determined by its values on those generators. In particular,
ψ(0, β) = (h, βs)
for some h in Fq . If s = 0, that is, ψ(0, β) = (h,1), then since the orders of (0, β) and (h,1) are
coprime, h = 0. Then for all f in Fq ,
(0, β)( f ,1) = (β( f ),1)(0, β)
and applying ψ yields ψ( f ) = ψ(β( f )) = ψ(xb f ), hence ψ((xb − 1) f ) = 0. Since xb = 1, ψ must be
trivial. Thus every non-trivial endomorphism ψ satisﬁes ψ(0, β) = (h, βs) with s ≡ 0 (mod d).
Let
ψ(1,1) = (y0,1),
ψ(x,1) = (y1,1),
...
ψ
(
xn−1,1
)= (yn−1,1),
for some elements y0, y1, . . . in Fq . We set ψ(xk,1) = (yk,1) for all k > 0.
We seek relations among y0, . . . , yq−2.
Proposition 2. Let ψ : G → G be the endomorphism deﬁned by the parameters y0, y1, . . . , yn−1,h, s. Then
for all k, yr+bk = yrxbsk.
Proof. We have
(0, β)
(
xr,1
)= (β(xr), β)= (xr+b,1)(0, β).
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(
h, βs
)
(yr,1) = (yr+b,1)
(
h, βs
)
,
hence
(
h + xbs yr, βs
)= (h + yr+b, βs).
Thus, for all r, yr+b = yrxbs . Hence for all k,
yr+bk = yrxbsk. 
Proposition 3. If ψ is non-trivial on Fq, then ψ(0, β) = (h, βs) where s is a power of p.
Proof. Let mb(X) be an irreducible polynomial over Fp with xb as a root. Write
mb(X) =
∑
i0
gi X
i
with the gi in Fp . Set X = xb and apply ψ to (0,1) = (xrmb(xb),1):
(0,1) = ψ(xrmb(xb),1)
= ψ
(∑
gix
r+bi,1
)
=
(∑
gi yr+bi,1
)
.
Thus by Proposition 2,
0 =
∑
gi yr+bi
=
∑
gi yrx
bsi
= yr
∑
gi
(
xbs
)i
= yrmb
(
xbs
)
.
So either yr = 0 for all r, or mb(xbs) = 0. But since mb(X) is an irreducible polynomial in Fp[x] and
has xb as a root, the other roots of mb(X) are (xb)p
i
for i  1. Thus either all yr = 0, or s is a power
of p. 
Corollary 4. Let ψ : G → G be the endomorphism deﬁned by the parameters y0, y1, . . . , yn−1,h, s. If ψ is
one-to-one on Fq × 1, then ψ is one-to-one on G, hence an automorphism of G.
Proof. If ψ is one-to-one on Fq × 1, then s is a power of p, so s and the order d of β are coprime.
Suppose ψ( f , βt) = (0,1). Then (∗, βst) = (0,1), hence, since s and d are coprime, we must have
βt = 1. So ( f , βt) = ( f ,1), and by assumption, if ψ( f ,1) = (0,1) then f = 0. 
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As before, let G = Fq  〈β〉, where x is a primitive root of Fq , β( f ) = xb f with b = 2rb′ and
bd = q − 1 = pn − 1.
We wish to determine which endomorphisms ψ of G are ﬁxed point free. We assume s = 0, so
that ψ is non-trivial.
We ﬁrst ﬁnd a set of endomorphisms that have ﬁxed points.
Theorem 5. Let ψ be an endomorphism of G = Fq  〈β〉 with q = pn, n odd, with ψ(0, β) = (h, βs). Suppose
(s−1,d) > 1. Then ψ has a ﬁxed point: that is, there exists some ( f , βk) = (0,1) so that ψ( f , βk) = ( f , βk).
Proof. First we seek a ﬁxed point of the form ( f ,1) for f = 0 in Fq .
Let ψ(xi,1) = (yi,1). We seek c0, . . . , cn−1 in Fp so that
(
n−1∑
i=0
cix
i,1
)
= ψ
(
n−1∑
i=0
cix
i,1
)
=
(
n−1∑
i=0
ci yi,1
)
.
This is equivalent to
n−1∑
i=0
ci
(
xi − yi
)= 0,
which has a non-zero solution (c0, . . . , cn−1) iff
{
xi − yi: i = 0, . . . ,n − 1
}
is a linearly dependent set over Fp .
Now we seek a ﬁxed point of the form (
∑n−1
i=0 cixi, βt) for some t with 0< t < d.
Since (s − 1,d) > 1, there exists some t with 1< t < d so that (s − 1)t ≡ 0 (mod d). Then
st ≡ t (mod d),
and so βst = βt , and xbst = xbt = 1 since bt < bd = q − 1, the order of x. Then
ψ
(
0, βt
)= ψ(0, β)t = (h, βs)t = (h( xbts − 1
xbs − 1
)
, βst
)
,
so we have
ψ
(
n−1∑
i=0
cix
i, βt
)
=
(
n−1∑
i=0
ci yi + h
(
xbts − 1
xbs − 1
)
, βst
)
.
Thus the equation
(
n−1∑
cix
i, βt
)
= ψ
(
n−1∑
cix
i, βt
)
i=0 i=0
666 L.N. Childs / Finite Fields and Their Applications 18 (2012) 661–673reduces to
n−1∑
i=0
ci
(
xi − yi
)= w
where
w = h
(
xbst − 1
xbs − 1
)
= h
(
xbt − 1
xbs − 1
)
= 0.
This is solvable if {
xi − yi: i = 0, . . . ,n − 1
}
is a linearly independent set, hence a basis of Fq = Fnp .
Combining the two cases shows that if (s − 1,d) > 1, then ψ has a ﬁxed point. 
Corollary 6. Let q = pn, pn − 1 = 2eq′ with q′ odd, let G = Fq  〈β〉 with β( f ) = xb f , and suppose d =
(q − 1)/b is even. Then G has no ﬁxed point free endomorphisms.
Proof. Since s is a power of p, we have (s − 1,d) = (pr − 1,d) is a multiple of 2, and so every
endomorphism of G has a ﬁxed point by Theorem 5. 
On the other hand, we have
Proposition 7. If ψ : G → G is an endomorphism with ψ(0, β) = (h, βs) where (s − 1,d) = 1, then ψ has a
non-zero ﬁxed point if and only if ψ restricted to Fq has a ﬁxed point, if and only if {xi − yi: i = 0, . . . ,n− 1}
is a linearly dependent set.
Proof. If ψ( f , βt) = ( f , βt), then (ψ( f ),1)(h, βs)t = ( f , βt), hence st ≡ t (mod d). If s = pr satisﬁes
(s − 1,d) = 1 then t ≡ 0 (mod d). So every ﬁxed point of ψ in G is a ﬁxed point of ψ on A. The ﬁrst
case of the previous proof then applies. 
4. Semi-scalar automorphisms
Deﬁne a possible endomorphism ψ on G by ψ( f ,1) = (y0 f s,1) for all f in Fq , and ψ(0, β) =
(h, βs) where s = pr for some r. Then ψ is easily seen to be Fp-linear on Fq because cs = c for all c
in Fp :
ψ(cf ) = y0(c f )s = y0cs f s = cy0 f s = ψ( f ),
ψ( f1 + f2) = y0( f1 + f2)s = y0 f s1 + y0 f s2 = ψ( f1) + ψ( f2).
Then ψ is an endomorphism of G , because ψ respects the relation (0, β)( f ,1) = (xb f ,1)(0, β): ap-
plying ψ yields
(
h, βs
)(
y0 f
s,1
)= (y0(xb f )s,1)(h, βs)
which becomes
(
h + xbs y0 f s, βs
)= (y0xbs f s + h, βs).
If y0 = 0, then by Corollary 4, ψ is an automorphism of G .
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the r-th power of the Frobenius map (−)p , hence ψ is determined on G by y0,h and s = pr .
Not every group G = Fq  〈β〉 has the property that every automorphism of G is semi-scalar.
Example 8. Let G = Fq  〈β〉 where q = pn and β( f ) = xb f with b = (q − 1)/2. Then β( f ) = − f for
all f in Fq . For every h in Fq and every γ in GLn(Fp), the map ψ deﬁned by ψ( f ,1) = (γ ( f ),1),
ψ(0, β) = (h, β) is an endomorphism of G since ψ(− f ) = −ψ( f ). Thus endomorphisms ψ of G are
not uniquely determined by ψ(1,1) and ψ(0, β).
We wish to ﬁnd conditions on G so that every automorphism ψ of G is semi-scalar, that is, is
determined on Fq by s and y0 = ψ(1). We begin with a sharpening of Proposition 2:
Proposition 9. Suppose G = Fq  〈β〉 where q = pn and n is odd. Let β( f ) = xb f with b = 2cb′ , b′ odd. Let
ψ : G → G be the endomorphism deﬁned by the parameters y0, y1, . . . , yn−1,h, s. If some yk = 0, then for
all r, yr+b′k = yrxb′ks .
Proof. The assumption on yk implies that s is a power of p, by Proposition 3.
We know that yr+2cb′k = yrx2cb′sk by Proposition 2. We prove that for each j  0, if yr+2 j+1b′k =
yrx2
j+1b′sk for all r,k, then yr+2 jb′k = yrx2 jb′sk for all r,k.
Let
n j(X) =
d∑
k=0
ck X
k
be the minimal polynomial of x2
jb′ over Fp . Then the degree d of n j(X) divides n. If we split n j(X)
up into even and odd powers of X ,
n j(X) =
∑
i0
c2i X
2i +
∑
i0
c2i+1X2i+1
= n0j (X) + n1j (X),
then both n0j (X) and n
1
j (X) are non-zero polynomials (since c0 and cd are non-zero). Evaluate n j(X)
at x2
jb′ :
0 = n j
(
x2
jb′)= n0j (x2 jb′)+ n1j (x2 jb′)
and set
E = n0j
(
x2
jb′)= (d−1)/2∑
i=0
c2i
(
x2
jb′)2i = −n1j (x2 jb′).
Since n j(X) is the minimal polynomial of x2
jb′ , E = 0 in Fq . Applying ψ to
0 = xr(n0j (x2 jb′)+ n1j (x2 jb′))
=
(d−1)/2∑
c2i x
r+2 j+1b′ i +
(d−1)/2∑
c2i+1xr+2
j+1b′i+2 jb′i=0 i=0
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0 =
∑
i0
c2i yr+2 j+1b′ i +
∑
i0
c2i+1 yr+2 j+1b′ i+2 jb′ .
We assume that yr+2 j+1b′k = yrx2 j+1b′ks for all k. Since s is a power of p, the ﬁrst sum becomes
∑
i0
c2i yr+2 j+1b′ i =
∑
i0
c2i yrx
2 j+1b′ is
= yr
∑
i0
c2i x
2 j+1b′ is
= yr
∑
i0
c2i x
2 jb′2is
= yr
(∑
i0
c2i x
2 jb′(2i)
)s
= yr Es.
Similarly, the second sum becomes
∑
i0
c2i+1 yr+2 j+1b′ i+2 jb′ =
∑
i0
c2i+1 yr+2 jb′x2
j+1b′is
= yr+2 jb′
∑
i0
c2i+1x2
j+1b′ is
= yr+2 jb′
∑
i0
c2i+1x2
jb′(2i+1)sx−2 jb′s
= yr+2 jb′x−2
jb′s∑
i0
c2i+1
(
x2
jb′)(2i+1)s
= yr+2 jb′x−2
jb′s(−E)s.
Thus
0 = yr Es + yr+2 jb′x−2
jb′s(−E)s.
Since E = 0, we obtain
yr+2 jb′ = yrx2
jb′s.
Repeating this j times yields yr+b′ = yrxb′s . Hence yr+b′k = yrxkb′s for all k 1. 
When b′ = 1 this result tells us immediately that an endomorphism ψ of G is semi-scalar. More
generally, we have:
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all f in Fq where b is a divisor of q − 1. Let b = 2cb′ with b′ odd. Let ψ : G → G be an endomorphism with
ψ(xi,1) = (yi,1), ψ(0, β) = (h, βs) and assume y0 = 0. Suppose
(∗) d′ = (q − 1)/b′ does not divide pm − 1 for all m < n, m dividing n.
Then ψ is a semi-scalar automorphism of G.
Proof. Since x is a primitive element of Fq , d′ is the order of xb
′
. If d′ does not divide pm − 1 for
m < n and m dividing n, then the subﬁeld Fp[xb′ ] of Fq cannot have pm elements, hence Fp[xb′ ] = Fq .
Thus the minimal polynomial h(x) of xb
′
does not divide xp
m−1 −1 in Fp[x], and so, since h(x) divides
xp
n − x but not xpm − x for m < n, the degree of h(x) must be n.
Thus 1, xb
′
, x2b
′
, . . . , x(n−1)b′ are linearly independent over Fp , hence form an Fp-basis of Fq . For
each f in Fq we may write
f =
n−1∑
i=0
cix
ib′ .
Then by Proposition 9,
ψ( f ) =
n−1∑
i=0
ciψ
(
xib
′)
=
n−1∑
i=0
ci yib′
=
n−1∑
i=0
ci y0x
ib′s
= y0
(
n−1∑
i=0
cix
ib′
)s
= y0 f s. 
Example 11. Let pn = 715. We consider condition (∗) of Theorem 10. Let b = 2cb′ , with b′ odd, be a
divisor of
715 − 1 = 2 · 32 · 19 · 31 · 2801 · 159871.
There are 48 possible choices for b′ . Then d′ = (715 −1)/b′ divides 75 −1 = 2 ·3 ·2801 for four choices
of b′ , divides 73 − 1= 2 · 32 · 19 for six choices of b′ , and divides 7− 1 = 2 · 3 (hence both 75 − 1 and
73 − 1) for two choices of b′ . Thus d′ divides 7m − 1 for m < 15 for eight of the 48 possible b′ . For
the other 40 choices of b′ , (∗) of Theorem 10 holds, so every automorphism ψ on G is semi-scalar,
determined on Fq by ψ(1) and s.
5. Fixed point free automorphisms
For the remainder of the paper, we focus on semi-scalar automorphisms of G , that is, on automor-
phisms ψ of G deﬁned by ψ(0, β) = (h, βs) for some h in A and s = pr and ψ( f ) = y0 f s for some
y0 = 0 in A. Let pn − 1 = 2enqn with qn odd.
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automorphism, deﬁned by ψ(1,1) = (xa0 ,1), ψ(0, β) = (h, βs) where s = pr and βs = 1. Then ψ is ﬁxed
point free iff (pr − 1,d) = 1 and p(n,r) − 1 = (pn − 1, pr − 1) does not divide a0 .
Proof. If (s− 1,d) > 1, then by Theorem 5 there are no ﬁxed point free automorphisms of G . Assume
(s − 1,d) = 1. Then by Proposition 7, every ﬁxed point of ψ has the form (y,1), that is, is a ﬁxed
point of ψ restricted to Fq .
We look for x f in Fq so that ψ(x f ) = x f . Now
ψ
(
x f
)= xa0x f s,
so ψ(x f ) = x f iff
x f = xa0x f s,
iff
x f (1−s) = xa0 ,
iff
a0 ≡ f (1− s)
(
mod pn − 1).
There exists an f satisfying this congruence if and only if (s−1, pn −1) = (pr −1, pn −1) = p(n,r) −1
divides a0.
Thus every semi-scalar automorphism ψ such that (pr − 1,d) = 1 and a0 is not divisible by
p(n,r) − 1 is ﬁxed point free. 
With this last result one can easily determine the ﬁxed point free automorphisms of a group G
satisfying the arithmetic hypothesis of Theorem 10.
Example 13. Continuing with Example 11, let q = 715, b = 2b′ where b′ = 159871 · 31. Then d′ =
(715 − 1)/b′ = 2 · 32 · 19 · 2801 does not divide 75 − 1 = 2 · 3 · 2801 or 73 − 1 = 2 · 9 · 19 or 7− 1 = 6,
so every automorphism ψ of G is semi-scalar, determined by ψ(1,1) = (xa0 ,1) and ψ(0, β) = (h, βs)
with s = 7r . Since G has order 715 ·d where d = 9 ·19 ·2801 and (d,7−1) > 1, we have (d,7r −1) > 1
for all r. Thus G has no ﬁxed point free automorphisms.
Example 14. Now let q = 715, b = 2b′ where b′ = 9 · 159871. Then d = 19 · 31 · 2801, and d′ =
(715 − 1)/b′ = 2d does not divide 7t − 1 for t = 1,3,5. Thus every automorphism ψ of G is semi-
scalar, determined by ψ(1,1) = (xa0 ,1) and ψ(0, β) = (h, βs) with s = 7r . Then (7r − 1,d) = 1 iff r
is coprime to 15, so ψ is ﬁxed point free for every triple (r,h,a0) where r is coprime to 15, h is
unrestricted, and a0 is not divisible by 6 = 7(r,15) − 1.
The case b′ = 1 is particularly straightforward. Write pm − 1 = 2emqm with qm odd, as before.
Corollary 15. Let G be as in Theorem 10, with n odd. Let d = qn, so that b = 2en and b′ = 1.
(1) If p is not a Fermat prime, then G has no ﬁxed point free automorphisms.
(2) If p is a Fermat prime, then an automorphism ψ is ﬁxed point free for all h, all s = pr with (r,n) = 1 and
all a0 not divisible by p − 1.
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holds trivially, so every automorphism of G is semi-scalar. Also, d = qn , the odd part of pn − 1, so d
is divisible by qm for all m dividing n. Thus if (r,n) = t , then (pr − 1,d) = qt .
If p is not a Fermat prime, then q1 > 1 and divides (pr − 1,d) = (pr − 1,qn) for all r  0. So G has
no ﬁxed point free automorphisms.
If p = 2c + 1 is a Fermat prime, then for all r with (r,n) = 1, (pr − 1,d) = q1 = 1, so an automor-
phism ψ is ﬁxed point free for all h, all s = pr with (r,n) = 1 and all a0 not divisible by p − 1.
On the other hand, if (r,n) = k  3, then (pr − 1,d) = (pr − 1,qn) = qk > 1. To see this, we have
for k 3,
pk − 1 = (1+ 2c)k − 1
= −1+ 1+ k2c +
(
k
2
)
22c + · · · + 2kc
≡ k2c (mod 22c)
and k is odd. So pk − 1 is not a power of 2, hence qk > 1. Thus for all r with (r,n) 3, (pr − 1,d) =
(qr,qn) > 1. Thus there are no ﬁxed point free automorphisms with s = pr when (r,n) > 1. 
When b = 2en and p is a Fermat prime we count the number of ﬁxed point free automorphisms:
Corollary 16. Let G = Fq 〈β〉with q = pn, where n is odd, and p = 22 f +1 is a Fermat prime. Let β(z) = xbz
with b = 2en for all z in Fq. Then the number of ﬁxed point free automorphisms of G is
pn
(
pn − 1)( p − 2
p − 1
)
φ(n).
Proof. Recall that ψ(0, β) = (h, βs) and ψ(1,1) = (xa0 ,1). The ﬁrst factor pn counts the number of
choices for h.
For s = pr we obtain a ﬁxed point free automorphism when (r,n) = 1. Then ψ is ﬁxed point free
when a0 is not a multiple of (pr − 1, pn − 1) = p − 1. Thus for each r coprime to n, the number of a0
is pn − 1 minus multiples of p − 1, namely
(
pn − 1)− pn − 1
p − 1 =
(
pn − 1)( p − 2
p − 1
)
.
Finally, s = pr is deﬁned modulo the order of β , namely, d = qn = (pn − 1)/b. We will show in
Lemma 17 below that all pr for r = 0, . . . ,n − 1 are incongruent modulo d = (pn − 1)/b. Given that
the number of ﬁxed point free automorphisms is
(#h)(#a0)(#r) = pn
(
pn − 1)( p − 2
p − 1
)
φ(n),
where φ(n) is Euler’s function. Modulo the next lemma, the proof is complete. 
To insure the accuracy of the count of the last corollary, we need to know that if b is a power of 2
dividing pn − 1 where p is a Fermat prime, then all pr for r = 0, . . . ,n − 1 are incongruent modulo
d = (pn − 1)/b. But if pr′ ≡ pr′′ (mod d) with r′′ > r′ , then setting r = r′′ − r′ , we have pr ≡ 1 (mod d).
We show:
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pt ≡ 1
(
mod
pn − 1
b
)
iff n divides t.
Proof. Let pm − 1 = 2emqm for all m 1, where qm is odd. We show that if pt ≡ 1 (mod pn−1b ), then
n divides t . Suppose t < n. We have
(
xn − 1, xt − 1)= xr − 1
where r = (n, t) < n. Setting x = p and restricting to odd parts gives
(qn,qt) = qr .
Suppose
pt − 1 ≡ 0
(
mod
pn − 1
b
)
.
Since b is a power of 2, qn divides qt , and so qn = qr . Hence
pn − 1
pr − 1
is a power of 2. But since n is odd and r divides n, rk = n, we have
pn − 1 = (pr − 1)(1+ pr + · · · + pr(k−1))
and since k is odd, the right hand factor is odd. Hence r = n divides s.
That completes the proof of the lemma and of the counts of Corollary 16. 
Note: the last observation in the proof of Lemma 17 shows that in Corollary 16, b = 2en =
2e1 = 22 f .
Example 18. Let pn = 39, then b = 2 and r can be 1,2,4,5,7,8. The number of ﬁxed point free
automorphisms of G is
39
(
39 − 1
2
)
· 6.
Each ﬁxed point free automorphism of G yields a distinct Hopf Galois structure on a Galois exten-
sion L|K with Galois group G , by Theorem 4.6 of [4].
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